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Abstract

A mathematical model is developed to describe ice accretion and water flow on a cold substrate of arbitrary shape. It

is shown how the model may be applied to practical substrate shapes, such as flat surface, cylinder and aerofoil. A

numerical scheme to solve the governing equations is then described. Results are presented for an aerofoil under con-

ditions appropriate to in-flight icing and for a cylinder in conditions for atmospheric icing.
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1. Introduction

Ice accretion on structures and aircraft is a problem

of fundamental importance to a number of industries.

Difficulties encountered by the shipping, power trans-

mission and aerospace industries are well documented

and the subject of intense current investigation, see [1–

4] for example. Power cables and radio masts have been

damaged or destroyed on numerous occasions due to the

added burden of the ice or an increase in aerodynamic

interaction leading to unacceptable movement such as

galloping [3,5]. The effort in Canada and the northern

US, in particular, has been focussed after the �Great

Ice Storm� of 1998, which caused billions of dollars

worth of damage to electrical equipment [3,6]. On air-
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craft various in-flight incidents have been shown to be

directly attributable to ice accretion. This may be due

to ice build-up on an aerofoil leading edge, alternatively,

ice may build-up on a non-critical surface and subse-

quently break off, damaging downstream components

[7,8]. Similar problems are encountered on the aerofoils

of wind turbines. The ice reduces their aerodynamic effi-

ciency and thus decreases power generation. Large

accretions may lead to structural failure, see [9]. Ice

accretion is also a concern for the shipping industry.

Lozowski et al. [4] assert that marine icing is the primo-

genitor of icing problems, having caused grief for mari-

ners long before aircraft or power cables were even

invented.

To predict and therefore combat ice accretion numer-

ous models and codes have been developed. Aircraft

icing models and codes are discussed in detail in [1,2].

Models of ice accretion on structures are discussed in

[3,5], whilst marine icing is discussed in [4].

Icing models are generally split into two major com-

ponents. The first component models the air flow and
ed.
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Nomenclature

b ice layer thickness

c specific heat

e(T) � e0T saturation vapour pressure

H convective heat transfer coefficient

h water layer thickness

Q energy source or sink terms

r local recovery factor

(s1, s2,g) curvilinear co-ordinate system

T temperature in ice

Ta constant temperature

W free stream velocity

(x,y,z) Cartesian co-ordinate system

b local collection efficiency

q density

h temperature in water

v evaporation/sublimation mass transfer

coefficient

Subscripts

a air

d droplet

e evaporation

i ice

s sublimation
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droplet trajectories. This provides inputs for the second

component which is the actual ice accretion and water

flow. Both components have limitations, which is not

surprising due to the complexity of predicting flow over

a rough accreting surface. In particular the convective

heat transfer coefficient is notoriously difficult to meas-

ure. The effect of surface roughness on the heat transfer

coefficient and current practice in icing codes is dis-

cussed in [1]. Another significant limitation of icing

codes is the inadequate modelling of film runback and

the coupling of the film flow to the accretion [10,11].

The basis of all of the icing components is the simple

one-dimensional equilibrium energy balance first de-

scribed by Messinger [12] (of course writing down the

energy balance is simple, obtaining the appropriate

parameter values is not). This model also has a number

of drawbacks, the most obvious of which is that the tem-

perature in the ice and water layers must always be as-

sumed isothermal so neglecting conduction. This

results in a freezing fraction which is always less than

the true value [13]. Recently the one-dimensional icing

model has been solved by adopting a Stefan approach,

namely solving simultaneously for the temperature pro-

files and layer thicknesses [13,14]. In the limit of a very

thin water layer or at large times this model reproduces

the accretion rate predicted by Messinger.

In order to accurately predict accretion an icing

model must be coupled to a water film flow model. A

significant drawback for a number of icing models is

that there is little relation between the water flow and

the underlying physics. A typical approach is that if a

water film exists at a given grid cell at a particular

time-step then the unfrozen water moves to the adjacent

cell downstream at the next time-step. This means that

results are grid size and time-step dependent. However,

recently icing models have been developed where the

water layer is treated with more care. Poots [5], models

it as a steady-state thin film. Bourgault et al. [10] also as-

sume a thin fluid film, in which case lubrication theory
may be applied (not shallow water theory as the name

of their code implies). This leads to a mass balance

involving an unknown film height and accretion rate.

Coupling this to a Messinger type energy balance pro-

duces a second equation and a third unknown, the equi-

librium temperature. Whilst a significant improvement

on earlier accretion models this approach still has a

number of drawbacks. Firstly, as already discussed,

the Messinger approach will underpredict the accretion

rate. To overcome this a conduction term is introduced

into the energy balance, but there is no way of quantify-

ing this and its use is only discussed when dealing with

anti-icing which is not investigated in the paper. Sec-

ondly, the water film is driven solely by air shear. Near

a stagnation line other forces, such as gravity and sur-

face tension, are required to move the fluid. Neglecting

these driving forces will lead to the fluid piling up near

the stagnation line and therefore make the model phys-

ically unrealistic and numerically unstable. The govern-

ing equation for thin film flow driven solely by air shear

is hyperbolic and can develop shocks, particularly in the

vicinity of a moving contact line [15,16]. Surface tension

will prevent these shocks occurring [17]. On structures

the ambient pressure is approximately constant (and

the air shear may be negligible), on aircraft the pressure

changes rapidly and so flow is also driven by pressure

gradient. These terms must all be included in the film

flow equation. Finally, to reduce the number of un-

knowns to match the governing equations a number of

compatibility relations must be introduced. All of these

deficiencies may be overcome by coupling a full film flow

model, of the type described in [18], to a Stefan model.

This approach has been employed to model the solidifi-

cation of a fluid on a flat, cold surface in [19]. Myers

et al. [16] extend this theory to deal with solidification

on an arbitrary substrate.

The main focus of the current paper is to apply the

mathematical theory described in [16] to practical situa-

tions. Evaporation and sublimation contribute signifi-
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cantly to the energy balance but were neglected in the

mass balances of [16]. We extend the theory to include

these effects into the mass balance and also discuss when

it is appropriate to include these terms in structural and

aircraft icing models. This has previously been carried

out in the context of atmospheric icing in, for example,

[5,20]. We start the applications with two simple exam-

ples. The simplest reduction is obviously to a flat sub-

strate. We then move onto to an example appropriate

to accretion on cables, i.e. a cylindrical substrate. Finally

we show the application to an NACA0012 aerofoil.

Numerical examples are also given for each case. In par-

ticular for the cylinder we consider conditions suitable to

structural icing and for the aerofoil for inflight icing con-

ditions. Based on the results we discuss the limits of

applicability of the model.

Under certain conditions ice accretions will exhibit

sufficiently severe surface roughness for the film to break

up and so the roughness elements may be partially dry.

In this case the film should be considered as an average

quantity over an area encompassing both wet and dry

regions. The roughness will play a role by affecting not

only the film height but also the ease with which the fluid

moves over the surface. This average approach has been

successfully applied to water flow over very rough sur-

faces of partially inundated soil [21]. Poots [5] (and ref-

erences therein) describes the use of film flow models on

accreting ice surfaces and demonstrates the validity of

this approach by comparison with experiments. Bourga-

ult et al. [10] have introduced their film flow model into a

prototype aircraft icing code. The model developed by

Myers et al. [19] deals with ice accretion and water flow

on a flat surface. This is currently employed in a com-

mercial aircraft icing code, ICECREMO [1,22].

The original motivation for this work is aircraft icing,

however, the models are applicable to ice growth on any

cold structure. In particular, ice accretion on a wind tur-

bine occurs in an identical manner to that on aircraft,

although the wind speeds are typically lower [3,9,23].

Ice build-up on power lines and related equipment also

occurs as a result of in-cloud icing or freezing rain and

drizzle [5,3,6]. In a wider context, solidification from a

flowing liquid or a droplet spray is of interest in the cast-

ing of metals and spray forming, lava flows and hydrate

build-up in oil pipelines [24–27].
2. Mathematical model

The model will initially be derived for a flat substrate

and then extended to an arbitrary three-dimensional sur-

face. The model configuration is shown in Fig. 1, which

is a typical cross-section of an ice and water accretion.

The x and y axes define the substrate, the z axis points

away from the substrate. Throughout the following

work the ice height will be denoted by b, the thickness
of the water layer on top of the ice is h. The temperature

in the ice and water is denoted T and h respectively.

Two main assumptions will be employed in the flow

model derivation. The first is that the square of aspect

ratio of the flow, �2, and the reduced Reynolds number,

�2Re, are both small. This means that the flow can be

modelled with lubrication theory. The second is that

the effect of temperature on the viscosity, lw, and den-

sity, qw, of the fluid is relatively small until the sudden

change as solidification occurs, therefore, for the flow

calculation lw and qw are taken as constant. This means

that the fluid is incompressible and that the flow effec-

tively decouples from the thermal problem. Hence the

mathematical model may be developed in two stages: a

flow model and a thermal analysis. The coupling be-

tween the fluid flow and thermal models still exists in

that the accretion acts as a mass sink for the fluid, whilst

the supercooled fluid acts as an energy sink removing

heat from the ice layer.

2.1. Fluid flow

Provided �2 and �2Re� 1, and the fluid viscosity and

density remain constant the Navier–Stokes and continu-

ity equations reduce to

lw

o
2u
oz2

¼ op
ox

� qwgĝ � x̂ þ Oð�2; �2ReÞ; ð1Þ

lw

o2v
oz2

¼ op
oy

� qwgĝ � ŷ þ Oð�2; �2ReÞ; ð2Þ

0 ¼ op
oz

þ Oð�2; �2ReÞ; ð3Þ

r � u ¼ 0; ð4Þ

where u = (u,v,w) denotes the fluid velocity and p is the

fluid pressure. Note, although it is simple to include,

gravity is neglected in the z direction since, in general,

it is order � smaller than the gravity terms in the x and

y directions.
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Eqs. (1)–(4) require solving subject to no-slip at the

ice–water interface, z = b:

u ¼ v ¼ Oð�2Þ: ð5Þ

The no-slip condition is the source of the well-known

stress singularity at a moving contact line. This may be

overcome in two different ways, either substitute it for

a slip condition or specify a precursor film so that the

fluid film height never reaches zero. These models are

discussed in [18]. In the following, we will impose a pre-

cursor film model to both the fluid and ice layers.

Continuity of mass flux provides another condition

at z = b:

qwn � ðu � ubÞ ¼ qin � ðus � ubÞ; ð6Þ

where ub ¼ ð0; 0; ob
otÞ is the velocity of the ice accretion

surface and us = 0 is the velocity of the ice, the normal

to the ice surface n ¼ � ob
ox ;� ob

oy ; 1
� �

. Expanding Eq.

(6) and applying the no-slip condition, Eq. (5), leads to

w ¼ 1� qi

qw

� �
ob
ot

; ð7Þ

where qi and qw are the density of the ice and water

respectively. This demonstrates that if qi = qw then

w = 0 and there is no normal fluid motion at the inter-

face. Normal motion only occurs if there is a mismatch

in density between the phases forcing movement to

accommodate new ice.

A similar condition to Eq. (6) is imposed at the

water–air interface, z = b + h. In this case the boundary

velocity ub ¼ 0; 0; ob
ot þ oh

ot

� �
. The water droplets are as-

sumed to impact vertically with a constant velocity.

The appropriate density to replace qi in Eq. (6) is that

of the droplet content of the air (liquid water content),

qA, where qA � qw. If evaporation occurs at a rate _me

then the appropriate boundary condition is

w ¼ 1� qA

qw

� �
ob
ot

þ oh
ot

� �
þ u

ob
ox

þ oh
ox

� �
þ v

ob
oy

þ oh
oy

� �

� 1

qw

ðb j W � n j qA � _meÞ; ð8Þ

where the product bjW ÆnjqA represents the rate of mass

impingement, with catch efficiency b and air velocity W.

The evaporation rate will be discussed later. The density

of the air/droplet mixture is significantly less than the

water density, qA/qw � 1, and so will be neglected in

the first term on the right hand side of (8). The same

ratio must be retained in the impingement term since it

is multiplied by the air velocity W which is typically

Oð102Þms�1 for an aircraft in flight. Continuity of shear

and normal stress at the water–air interface, leads to

lw

ou
oz

¼ A1 þ Oð�2Þ; lw

ov
oz

¼ A2 þ Oð�2Þ; ð9Þ

p � pa ¼ �rr2ðbþ hÞ þ Oð�2Þ; ð10Þ
where (A1,A2) are the components of shear due to the air

flow, they may vary with x, y and t, r is the surface

tension.

A detailed analysis concerning the coupling between

the air and water flow is not carried out in the current

work, for further information on this subject the reader

is referred to Craik [28], King et al. [29], Tsao et al. [30],

Yih [31]. Provided the water velocity is significantly less

than the free stream velocity, within the current level of

approximation it is sufficient to assume the shear stress

caused by the air is the same as that which would occur

on a dry surface [10,32]. This is termed the primary flow

by Yih [31]. The curvature term in Eq. (10), which deter-

mines the magnitude of the surface tension induced

stress, has been approximated to be consistent with

lubrication theory. The total curvature comprises the

sum of the curvatures of the ice and water surfaces. This

is one way in which the shape of the ice accretion affects

the fluid motion. This effect has previously been noted in

studies of flow on curved surfaces [16,33,34], where it is

termed an �overpressure�. In the following section it is

shown how the substrate shape enters into the pressure

equation.

The fluid pressure may be determined immediately by

integrating Eq. (3) subject to the boundary condition,

Eq. (10):

p � pa ¼ �rr2ðbþ hÞ: ð11Þ

Integrating Eqs. (1) and (2) subject to Eqs. (5) and (9)

gives the fluid velocities:

lwu ¼
1

2

op
ox

� qwgĝ � x̂
� �

ðz2 � b2 � 2ðz� bÞðbþ hÞÞ

þ A1ðz� bÞ; ð12Þ

lwv ¼
1

2

op
oy

� qwgĝ � ŷ
� �

ðz2 � b2 � 2ðz� bÞðbþ hÞÞ

þ A2ðz� bÞ: ð13Þ

Integrating the continuity equation (4) across the film

gives

wjbþh � wjb ¼ �
Z bþh

b

ou
ox

þ ov
oy

� �
dz: ð14Þ

Applying Leibniz� theorem and substituting for w via

Eqs. (7) and (8) leads to the mass balance

qw

oh
ot

þr � Q
� �

¼ b j W � n j qA � _me � qi

ob
ot

; ð15Þ

where the fluid flux

Q ¼ � h3

3lw

op
ox

þ G1

� �
þ h2

2lw

A1;

�

� h3

3l
op
oy

þ G2

� �
þ h2

2l
A2

�
; ð16Þ
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Fig. 2. Co-ordinate system for an arbitrary substrate.
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and ðG1;G2Þ ¼ qwgðĝ � x̂; ĝ � ŷÞ. The evaporation term

may be estimated by considering an energy balance, this

is discussed in the following section.

Eq. (15) is a fourth-order nonlinear degenerate par-

tial differential equation, typical of free surface flows

involving surface tension. A review of similar equations

may be found in Myers [18]. For structural icing gravity

is typically the dominant force away from the contact

line. In aircraft icing the air shear will dominate, except

in the vicinity of the stagnation line where gravity and

surface tension will drive the flow. The ambient pressure,

pa will also vary rapidly around the aerofoil, hence pres-

sure gradient plays an important role in driving the flow.

In the work of Bourgault et al. [10] air shear is taken as

the sole driving force, i.e. the flux is determined by (16)

with px = py = Gi = 0. There is therefore no physical

mechanism for moving fluid away from the stagnation

line.

2.2. Modification for curved surfaces

Eq. (15) is appropriate for flow on a substrate where

the curvature is significantly less than the film thickness.

This limitation may be partially overcome by approxi-

mating the surface with a series of flat plates and then

matching over each plate. However, this will never accu-

rately reflect the pressure driving force which is depend-

ent on the surface curvature. This is particularly

important when modelling flow near corners or over

cylindrical surfaces such as cables or pitot tubes. To

accurately model flow on an arbitrary three-dimensional

curved surface equation (15) must be modified to

oh
ot

þrs � Q ¼ qA

qw

b j W � n j � 1

qw

_me �
qi

qw

ob
ot

: ð17Þ

In this case the surface is represented by

r ¼ ðx; y; zÞ ¼ Rðs1ðx; y; zÞ; s2ðx; y; zÞÞ;

where (s1, s2) are surface co-ordinates in the principal

directions. (Note, both surface co-ordinates must be

lengths, so for example, in the case of icing on a cylinder

one obvious co-ordinate would be the angle h however

the correct system would be in terms of arc-length Rh).
The co-ordinate perpendicular to the plane is g. A typi-

cal configuration is shown on Fig. 2. The standard first

and second fundamental forms are [35]

E ¼ oR

os1
� oR
os1

; G ¼ oR

os2
� oR
os2

; ð18Þ

L ¼ o2R

os21
� n; N ¼ o2R

os22
� n ð19Þ

and the outward unit normal is

n ¼ 1

ðEGÞ1=2
oR

os1
^ oR

os2
: ð20Þ
The surface divergence operator in Eq. (17) may now

be defined

rs � Q ¼ 1

ðEGÞ1=2
G1=2 o

os1
Qs1 þ E1=2 o

os2
Qs2

� �
: ð21Þ

The flux components in the principal directions are

Qs1 ¼ � h3

3lw

1

E1=2

op
os1

þ G1

� �
þ A1

h2

2lw

; ð22Þ

Qs2 ¼ � h3

3lw

1

G1=2

op
os2

þ G2

� �
þ A2

h2

2lw

: ð23Þ

In this case (G1,G2) = qwg(g Æe1,g Æe2). The unit vec-

tors in the s1 and s2 directions are

e1 ¼
1

E1=2

oR

os1
; e2 ¼

1

G1=2

oR

os2
: ð24Þ

The fluid pressure is

p ¼ p0 � r

�
j1 þ j2 þ ðbþ hÞðj2

1 þ j2
2Þ

þ 1

E
o2

os21
ðbþ hÞ þ 1

G
o2

os22
ðbþ hÞ

�
: ð25Þ

The substrate curvatures are defined as

j1 ¼
L
E
; j2 ¼

N
G
: ð26Þ

It is worth comparing this expression with the pres-

sure derived on a flat surface. Eq. (11) depends on sur-

face tension through the term $2(b + h). This indicates

that surface tension only acts to drive the fluid through

the variation of the position of the top surface of the

fluid. In Eq. (25) there are extra terms due to the surface

curvature. These can have a strong effect on the flow

when the curvature is high. A familiar example is

encountered in the painting of corners. At convex cor-

ners the fluid drains away leaving a relatively thin coat-

ing. At concave corners the opposite happens and fluid



Table 1

Energy terms

Qa 1747 Qk 182 Ql 15048

qd 18.9 qe 423 qh 500

qs 517

Er 1.351 · 105 Fr 475

Eg 4.455 · 105 Fg 1.43 · 103
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is drawn in. Further details may be found in Myers et al.

[16].

The application of Eq. (17) for practical situations

will be demonstrated in coming sections. However the

mass sink terms, reflecting the evaporation and ice accre-

tion, which appear as the final terms on the right hand

side of both (15) and (17) must first be determined. This

is done by considering the thermal problem.

2.3. Thermal problem

Before solving the flow equation an expression for the

freezing rate, ob/ot, is required. This is determined by

considering the thermal problem, which is governed by

heat equations in the ice and water layers. Note, we do

not consider spongy ice, which is postulated to be iso-

thermal [3], but this is an obvious extension to the model.

The limit of particular interest to the present study is

when the ice and water layers are sufficiently thin that

conduction is the dominant method of heat transfer.

For an accreting ice surface this will hold provided

the ice layer is less than 2.4cm and the water layer less

than 3mm [13,14]. In this situation, terms of OðPeÞ,
where the Peclet number, Pe, is the ratio of advec-

tion to conduction terms, will therefore be neglected;

this will be discussed later. To be consistent with the

previous section, terms of Oð�2Þ will also be neglec-

ted. The heat equations then reduce to pseudo-steady

forms:

o2T
og2

¼ Oð�2; PeÞ; ð27Þ

o
2h
og2

¼ Oð�2; PeÞ; ð28Þ

where T and h are the ice and water temperatures respec-

tively. On a flat substrate the appropriate equations are

obtained by substituting z for g. Eqs. (27) and (28) are

solved subject to the following conditions.

• At the substrate, g = 0, the ice is in perfect thermal

contact with the substrate, which has high conductiv-

ity and a thermal mass much greater than that of the

ice accretion.

T ¼ T s; ð29Þ

where Ts is the substrate temperature. This will typi-

cally be the same as the ambient temperature but will

be left in this form to keep themodel general. This con-

dition is particularly relevant to aircraft, where ice

forms on only a relatively small portion of the wing.

Since this is typically metal any excess heat generated

will quickly be conducted away and the wing tempera-

ture will remain relatively constant.
The remaining boundary conditions depend on

whether rime or glaze ice grows.

• When rime ice grows, the ice surface g = b is cooled

according to

oT
og

¼ Ql þ Qk þ Qa � Qd � Qh � Qs

ji

¼ Er � F rT : ð30Þ

Typical values for these terms may be found in Table

1.

• When glaze ice grows, the ice–water interface g = b is

at the freezing temperature

T ¼ h ¼ T f : ð31Þ

• The air–water interface, g = b + h, is subject to

oh
og

¼ Qk þ Qa � Qd � Qh � Qe

jw
¼ Eg � F gh; ð32Þ

The terms Er, Fr, Eg, Fg have been introduced to sim-

plify the notation.

Er ¼
Ql þ Qk þ Qa þ qdT d þ ðqh þ qsÞT a

ji

;

F r ¼
qd þ qh þ qs

ji

;

Eg ¼
Qk þ Qa þ qdT d þ ðqh þ qeÞT a

jw

;

F g ¼
qd þ qh þ qe

jw

:

They depend on the energy source and sink terms. The

energy source terms are the droplet kinetic energy and

aerodynamic heating [5,2]

Qk ¼
qAbW 3

2
; Qa ¼

rHW 2

2ca

and, in the case of rime ice growth, the release of latent

heat Ql = LfbjW ÆnjqA. The energy sink terms are cool-

ing by the incoming droplets, convective heat transfer,

radiative heat flux and evaporation

Qd ¼ qAb j W � n j cwðh � T dÞ ¼ qdðh � T dÞ;

Qh ¼ Hðh � TAÞ ¼ qhðh � TAÞ;

Qr ¼ �rrðh4 � T 4
AÞ � 4�rrT

3
Aðh � TAÞ ¼ qrðh � TAÞ;
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Qe ¼ veðeðhÞ � eðTAÞÞ � vee0ðh � TAÞ ¼ qeðh � TAÞ:

Both the radiative heat flux and evaporation terms

may be approximated by linear expressions [5,13]. For

rime ice growth evaporation is replaced by sublimation

Qs ¼ vsðeðT Þ � eðTAÞÞ � vse0ðT � TAÞ ¼ qsðh � TAÞ:

Further details on the energy terms appropriate to

atmospheric icing may be found in [2–5].

Perhaps the most controversial aspect of the above

boundary conditions is the calculation of the heat trans-

fer coefficient. Bourgault et al. [10] use a compressible

Navier–Stokes solver to determine the outer flow solu-

tion which automatically produces heat transfer coeffi-

cients. Methods currently employed in commercial

codes to determine heat transfer in laminar and turbu-

lent flows on both smooth and rough surfaces and

empirical models are discussed in [2,1]. Other methods

to estimate this quantity may be found in Poots

[5](p.74), Makkonen [3,36] and Arnold et al. [37].

2.3.1. Rime ice growth

If no water layer is present, then rime ice forms and

the mass balances of Eqs. (15) or (17) reduce to

ob
ot

¼ 1

qi

ðb j W � n j qA � _msÞ: ð33Þ

The density of rime ice can vary by a significant

amount depending upon the ambient conditions, it

may also vary with time for a given ice accretion in

which case qi = qi(t). The flow around an accreting ice

surface will also be time dependent, in which case b
and jW Ænj will vary. Time dependent terms on the

right hand side of Eq. (33) mean that it must be inte-

grated numerically. Although it is clearly a simple

matter to numerically integrate a linear first-order equa-

tion, in the following examples we will consider the

simplest case where all of these quantities remain con-

stant. In particular, the ice density is taken as an aver-

age between typical rime and glaze values, qi = (917 +

880)/2 � 898kgm�3 (note Makkonen et al. [9] take
Table 2

Parameter values used for Figs. 2–5

ca 1014 Jkg�1K�1

cw 4220 Jkg�1K�1

e0 44.4 PaK�1

le 0.875

p0 9 · 104 Pa

r 0.895

Haw 500 Wm�2K�1

H is 1000 Wm�2K�1

Has 1000 Wm�2K�1

Lf 3.344 · 105 Jkg�1

Ls 2.83 · 106 Jkg�1
qi = 890). We will also use this value for glaze accretions.

Obviously, for more accuracy, qi could be replaced by a

true rime value, which may be significantly lower than

880 and possibly time dependent, in (33) and in the fol-

lowing glaze ice section by an appropriate glaze ice

value.

With constant values on the right hand side Eq. (33)

may be integrated analytically

b ¼ 1

qi

ðb j W � n j qa � _msÞt: ð34Þ

Except for regions of very low catch the sublimation

mass loss _ms is significantly less than the catch in Eq.

(33). This is easily demonstrated by considering the sub-

limation energy term, Qs. This energy must equal the

rate of mass loss multiplied by the latent heat of

sublimation

Ls _ms ¼ vse0ðT � TAÞ:

Typical values for the various constants are given in

Table 2. For a temperature drop of 5 �C between the ice

surface and the air this shows _ms � 9:1� 10�4 ms�1. On

an aircraft W ¼ Oð102Þ� s�1 and qa = 10�3kgm�3. The

impinging mass rate, is therefore typically an order of

magnitude greater than the sublimation rate and so for

aircraft icing sublimation may be neglected (in the mass

balance, but not the energy balance) except in regions of

very low catch. The slower free stream velocities encoun-

tered in structural icing means that sublimation or evap-

oration may be important in the mass balance. To keep

the model as general as possible the mass loss rate _ms

will be retained in Eq. (33).

The temperature profile follows from Eq. (27) subject

to (29) and (30)

T ¼ T s þ
Er � F rT s

1þ F rb
g: ð35Þ

Comparing the components of Er and Fr given in

Table 1, it is clear that the coefficient of g on the right

hand side of (35) is positive, unless the substrate is signif-

icantly hotter than the air temperature. Provided the
LE 2.5 · 106 Jkg�1

W 90 ms�1

b 0.5

ji 2.18 Wm�1K�1

jw 0.571 Wm�1K�1

qa 0.001 kgm�3

qi 898 kgm�3

qs 2710 kgm�3

qw 1000 kgm�3

ve 9.53 ms�1

vs 11.65 ms�1
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substrate is not heated, Eq. (35) indicates that the tem-

perature increases away from the substrate, since the

heating terms (latent heat in particular) are stronger

than the cooling terms.

These expressions for ice thickness and temperature

completely solve the problem for rime-ice growth. The

ice thickness is determined by the mass balance (33). It

may be solved numerically if the input parameters vary

with time. If the inputs are constant (for example with

a one-step calculation) then Eq. (34) gives an exact

expression for the ice thickness for all time. For rime

ice growth the ice thickness depends entirely on the

incoming fluid and to a lesser extent the sublimation.

However, it is important to solve the thermal problem

since this determines when, or if, water appears and

therefore when to switch to a glaze ice model.

2.3.2. Glaze ice growth

When water appears on the ice layer the leading

order temperature in the ice and water satisfy the qua-

si-steady equations (27) and (28), which require solving

subject to 29,31,32. The temperature profiles are given

by

T ¼ T s þ ðT f � T sÞ
g
b
; ð36Þ

h ¼ T f þ
Eg � F gT f

1þ F gh
ðg � bÞ: ð37Þ

For glaze ice growth the thermal problem is coupled

to the fluid flow through the water layer thickness, h, in

(37) and the ice accretion rate and thickness which ap-

pear in (15). Consistent with the level of approximation

applied in previous sections the energy balance is a

standard Stefan condition:

qiLf
ob
ot

¼ ki
oT
oz

� kw
oh
oz

þ Oð�2Þ: ð38Þ

The temperature gradients may be determined from

(37) and (36), substituting these into (38) provides the

governing equation for the ice accretion

qiLf
ob
ot

¼ ki
T f � T s

b
� kw

Eg � F gT f

1þ F gh
: ð39Þ

The glaze problem is now reduced to its final form.

This involves the solution of the coupled mass and en-

ergy balances (15) and (39), which must be solved for

the ice and water layer thicknesses, b and h. Once this

is achieved the temperature in each layer is determined

via (36) and (37). Note, the form of energy balance

(39) does not preclude time variation in the model in-

puts, such as the energy terms, Eg and Fg.

The model that is most related to the present one in

the literature (to the authors knowledge) is that of

Bourgault et al. [10]. As previously stated, their mass

balance has air shear as the only driving force. Their en-

ergy balance, with the current notation, takes the form
qw

o

ot
ðhcwT Þ þ r � ð�uhcwT Þ

� 	

¼ Qd þ Qk �
1

2
ðQe þ QsÞ þ Ql þ Qh � qiciT

ob
ot

þ rRðT 4
1 � T

4Þ þ Qcond; ð40Þ

where �u is the average fluid velocity, rR is the Stefan–

Boltzmann constant and Qcond represents conduction

through the ice. There are three unknowns in (40),

namely the ice (or ice growth rate) and water heights

and the �equilibrium temperature� in the air/water/ice/

substrate, T . The mass and energy balances only provide

two equations. This problem is circumvented by the

introduction of various compatibility relations. How-

ever, it is clear from the physics of the problem that

the ice growth rate and temperature must be related

and this is shown in the current analysis. Further insight

from the current work shows that since the water layer is

thin, water flow is not a dominant method of heat trans-

fer and, within the level of approximations made to de-

rive the mass balance, the terms on the left hand side of

(40) are negligible. Radiative heat transfer in general

is negligible since most icing events occur under cloud

cover. Eq. (40) may therefore be reduced to

qiðLf � ciT Þ
ob
ot

¼ 1

2
ðQe þ QsÞ � ðQd þ Qh þ Qk þ QcondÞ:

ð41Þ

The present energy balance may be written as

qiLf
ob
ot

¼ Qe þ Qd þ Qh � ðQa þ QkÞ þ ji

T f � T s

b
: ð42Þ

This further highlights the differences in the models.

(Note, the difference in signs for Qd and Qh is due to

their use of a reference temperature and does not indi-

cate a discrepancy.) Since this is a glaze model there is

no sublimation, so Qs should not be included in (41).

The final term on the right hand side of (42) is an explicit

representation of the conduction term. However, since

the temperature is constant throughout the ice and water

in (41) this cannot be represented by Qcond. Finally, the

ice forms at the interface where the temperature is the

freezing temperature, Tf, and the latent heat release is

exactly Lf _b. This term balances with the energy terms

on the right hand side. These energy terms depend on

the surrounding temperatures. In particular the water

temperature relates to the evaporation rate and convec-

tive cooling. In the current model the water temperature

is determined as part of the solution, whereas in Eq. (41)

the water temperature is unknown and in fact is aver-

aged as stated above. Since the energy terms on the right

hand side of (41) do not contain the correct temperature

a correction term must be included. This is the purpose

of ciT .
In its present form the mathematical description of

glaze ice growth is complex, requiring the solution of
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coupled fourth- and first-order nonlinear partial differ-

ential equations. In particular, the mass balance (15),

in the absence of ice formation, is typical of free surface

thin film flows. These are notoriously difficult to solve in

the vicinity of a moving contact line [38,39,18,40]. For

this reason the numerical work of the following sections

deals initially with the water flow; the complication of

freezing is a relatively simple extension. However, before

solving the full problem, the one-dimensional problem

and various limiting cases will be considered, to provide

a clearer understanding of the model.
3. One-dimensional problem

Whilst unrealistic when water is flowing the one-

dimensional model does provide realistic solutions dur-

ing the rime stage and must be considered to determine

when the transition from rime to glaze occurs.

In one-dimension the problem is governed by the

mass balance

qw

oh
ot

¼ qAb j W � n j �qi

ob
ot

� _ms ð43Þ

and the energy balance (39). Poots [5] studies a simpli-

fied version of (39), which neglects heat conduction

through the water layer, so the energy term Fgh � 0

and the ice layer thickness is independent of the water

layer thickness. This form of (39) may be integrated

immediately. In two and three dimensions, when the dri-

ven water film is thin, Fgh � 1, this is a reasonable

assumption. However, in one dimension Fgh is typically

Oð1Þ and should be retained. This is demonstrated in

[14].

The assumption that T(0, t) = Ts < Tf means that

there will always be a period (possibly very short) when

all of the incoming fluid turns to rime ice. This is due to

the fact that the initial impacting fluid will almost imme-

diately adopt the substrate temperature. Since this is

below freezing and there is a nucleation site, the fluid

must freeze. Subsequently, water may appear and glaze

ice forms.

Detailed examination of the early stages of ice accre-

tion on aircraft may show water flowing before ice ap-

pears. This typically occurs when the air temperature

is relatively high, in which case, air compressibility can

lead to above freezing temperatures in the vicinity of

the wing. Ice accretion only occurs subsequently, when

evaporation of the surface water has cooled the sub-

strate below freezing.

Provided the parameter values are independent of

time, initially, the ice thickness is given by (34). When

water appears the integrated form of Eq. (43) gives an

expression for the water height in terms of the unknown

ice thickness:
h ¼ qA

qw

b j W � n j ðt � twÞ �
qi

qw

ðb� bwÞ; ð44Þ

where bw and tw are the ice thickness and time at which

water first appears. To determine the ice thickness, Eq.

(44) may be used to replace h in (39), giving an equation

with a single unknown, b. This must be integrated

numerically. Once the ice thickness is known the water

thickness and the temperatures in the ice and water

can be determined from (44),(36) and (37).

Water first appears when the rime ice temperature

reaches the freezing temperature. This is determined

from (35), leading to the required expressions for bw
and tw:

bw ¼ T f � T s

Er � F rT s

; tw ¼ qibw þ _ms

qAb j W � n j : ð45Þ

This is an exact formula, in terms of the input para-

meters, to determine when glaze ice starts to form. If the

denominator, Er � FrTs 6 0 Eq. (45) indicates water will

never appear and the accretion will be pure rime ice.

Rearranging this expression gives the appropriate ambi-

ent temperature for pure rime ice growth

T a 6 T fðqd þ qh þ qsÞ � ðQl þ Qk þ QaÞ: ð46Þ

For the parameter values given in Table 2 (relevant

to aircraft icing) this condition indicates a value of

Ta = 256.6K = �16.6 �C. This and the formula for tran-

sition thickness (45) have been to shown to agree well

with experimental observations, see [13,14].

In [13] the current one-dimensional model is com-

pared with the standard Messinger model [12]. It is

shown that the current one-dimensional theory leads

to physically sensible results with a smooth decrease in

the freezing fraction (the ratio of mass freezing to that

entering the system) from the rime value of unity to a

constant large time value. The Messinger model predicts

a discontinuity as the freezing fraction jumps from unity

to another, constant lower value. This value is in fact the

large time solution of the current model. It was subse-

quently shown that the Messinger model underpredicts

the ice growth rate and the difference between the cur-

rent and Messinger model grows as the temperature

increases.
4. Standard forms

In this section we demonstrate how the flow equation

may be applied to the three obvious practical substrate

shapes, namely flat, aerofoil and cylindrical. The flat

substrate is modelled first, since this is the simplest

example and therefore demonstrates the method most

clearly. Subsequently an aerofoil shape is described

and then the reduction to a cylinder briefly discussed.

The energy balance, to determine the ice thickness, is
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not shape dependent and so remains the same for all

models.

4.1. Reduction to the flat surface model

When the substrate is flat it may be defined as a sur-

face with z = 0. The substrate may then be described in

terms of the two surface co-ordinates s1 = x, s2 = y.

The substrate is defined in terms of these two co-ordi-

nates, R = (x,y, 0). Obviously the normal co-ordinate

g = z. The first and second fundamental forms are given

by Eqs. (18) and (19)

E ¼ oR

ox
� oR
ox

¼ 1; G ¼ oR

oy
� oR
oy

¼ 1;

L ¼ n � o
2R

ox2
¼ 0; N ¼ n � o

2R

oy2
¼ 0:

The substrate and normal vectors are given by Eqs.

(24) and (20)

e1 ¼
1

E1=2

oR

ox
¼ ð1; 0; 0Þ; e2 ¼

1

G1=2

oR

oy
¼ ð0; 1; 0Þ;

n ¼ e1 ^ e2 ¼ ð0; 0; 1Þ:

This definition of the fundamental forms and co-

ordinate system allows the appropriate flow description

to be calculated. Firstly, the substrate curvatures, de-

fined by Eq. (26), are zero: j1 = L/E = 0, j2 = N/G = 0.

The fluid pressure is then given by Eq.(25). The flow is

governed by Eq. (17) where the surface operator $s is

the standard divergence, given by Eq. (21). Finally, the

fluxes are given by (22) and (23).

4.2. Reduction to a cylinder

If the substrate is a circular cylinder of radius R then

it may be parametrised in cylindrical polar coordinates

by setting s1 = Rh, s2 = z (note, the surface co-ordinates

must be lengths), so that the substrate is defined by

R = (Rcosh,R sinh, z). The first and second fundamen-

tal forms, according to (18) and (19) are

E ¼ oR

os1
� oR
os1

¼ 1

R2

oR

oh
� oR
oh

¼ 1;

G ¼ oR

os2
� oR
os2

¼ oR

oz
� oR
oz

¼ 1;

ð47Þ

L ¼ 1

R2

o2R

oh2
� n ¼ � 1

R
; N ¼ o2R

oz2
� n ¼ 0: ð48Þ

The substrate is defined by the vectors (24)

e1 ¼
1

E1=2

oR

os1
¼ ð� sin h; cos h; 0Þ;

e2 ¼
1
1=2

oR ¼ ð0; 0; 1Þ;
ð49Þ
G os2
n ¼ �e1 � e2: ð50Þ
For flow on the outside of a cylinder the outward nor-

mal is n = (cosh, sinh, 0), flow on the inside requires

n = �(cosh, sinh, 0).
The curvature terms, defined by (26), are then

j1 = ±1/R, j2 = 0, where j1 > 0 denotes flow inside a cyl-

inder, j1 < 0 denotes flow on the outside. The governing

equations then follow in the same way as above, i.e. the

pressure is given by (25). The flow is governed by Eq.

(17), the surface operator $s by Eq. (21) and the fluxes

by (22) and (23).

Note these results may be retrieved from the follow-

ing case using x0(a) = Rcos (a) and y0(a) = ±R sin (a).

Both circular cylinder and flat substrate models have

been studied previously in [16,19].

4.3. Reduction to an aerofoil

In general an arbitrary substrate may be described in

terms of two dummy parameters a1, a2, so that R =

[x0(a1,a2),y0(a1,a2),z0(a1,a2)]. To use this description

on an aerofoil we must specify appropriate functions

x0, y0 and z0. In the following derivation, to avoid com-

plication, we will investigate an aerofoil of constant

cross-section (i.e. no z variation) so R = [x0(a1),y0(a1), -

z0(a2) = a2]. This configuration is shown in Fig. 2. To re-

duce the number of subscripts a1 will now be denoted a

and a2 by z. The value a = 0 corresponds to the tail of

the aerofoil, as shown in Fig. 2, by increasing a we move

in a clockwise manner. The curvilinear coordinate may

then be calculated

s1 ¼
Z a

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x00ðtÞ

2 þ y00ðtÞ
2

q
dt þ C; ð51Þ

where C is a constant such as s1 = 0 corresponds to the

leading edge. Positive and negative values for s1 then

correspond to the upper and lower part of the aerofoil

respectively. As the substrate has a constant section,

the second curvilinear coordinate is s2 = z. The normal

coordinate, g, is defined using the normal projection of

the considered point (X,Y,Z) onto the substrate:

g ¼ MPM
���! � n ¼ ½Y � y0ðapÞ�x00ðapÞ � ½X � x0ðapÞ�y00ðapÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x00ðapÞ
2 þ y00ðapÞ

2
q

ð52Þ
and ap satisfies:

MPM
���!^ n ¼ 0 () ½X � x0ðapÞ�x00ðapÞ

þ ½Y � y0ðapÞ�y00ðapÞ ¼ 0: ð53Þ

The first and second fundamental forms are

therefore:

E ¼ oR

os1
� oR
os1

¼ oa
os1

� �2
oR

oa
� oR
oa

¼ x00ðaÞ
2 þ y 00ðaÞ

2

x00ðaÞ
2 þ y 00ðaÞ

2
¼ 1;

ð54Þ
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G ¼ oR

os2
� oR
os2

¼ oR

oz
� oR
oz

¼ 1; ð55Þ

L ¼ o
2R

os21
� n ¼ x00ðaÞy000ðaÞ � x000ðaÞy00ðaÞ

½x00ðaÞ
2 þ y00ðaÞ

2�3=2
;

N ¼ o2R

oz2
� n ¼ 0:

ð56Þ

The substrate and normal vectors are:

e1 ¼
1

E1=2

oR

os1
¼ ðx00ðaÞ; y00ðaÞ; 0Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x00ðaÞ
2 þ y00ðaÞ

2
q ;

e2 ¼
1

G1=2

oR

oz
¼ ð0; 0; 1Þ;

n ¼ e1 � e2 ¼
ð�y00ðaÞ; x00ðaÞ; 0Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x00ðaÞ

2 þ y00ðaÞ
2

q :

The curvature terms are:

j1 ¼
L
E
¼ x00ðaÞy000ðaÞ � x000ðaÞy00ðaÞ

½x00ðaÞ
2 þ y00ðaÞ

2�3=2
; j2 ¼

N
G

¼ 0; ð57Þ

and the pressure may be written:

p ¼ p0 � r j1 þ j2
1ðbþ hÞ þ o2

os21
ðbþ hÞ þ o2

oz2
ðbþ hÞ

� 	
:

ð58Þ

The operator and fluxes in Eq. (17) are the same as in

the flat surface case with x replaced by s1.
5. Results

The coupled ice growth and water flow model is now

applied to the three practical substrate shapes studied in

the �Standard Form� section, namely flat, aerofoil and

cylindrical. The flat surface model involves flow driven

by a constant shear stress and gravity and a Gaussian

form for the incoming liquid. This might not be physi-

cally realistic but the behaviour of ice and water is then

relatively easy to understand and check and the features

observed are retrieved in the aerofoil and cylindrical

cases. Note that in all the following examples, the mass

loss or gain due to evaporation and sublimation is

neglected.

5.1. Numerical method

Numerical solution for combined ice growth and

water flow was examined extensively in [16]. Only the

main points are recalled here.

A typical finite difference scheme in conservative

form for Eq. (17) is
hkþ1
i;j ¼ hki;j �

Dt

ðEGÞ1=2
G1=2

Qs1
iþ1=2;j � Qs1

i�1=2;j

Ds1

�

þE1=2
Qs2
i;jþ1=2 � Qs2

i;j�1=2

Ds2
Qs2

�
þ qA

qw

b j W � nji;jDt

� 1

qw

_me






i;j

Dt � qi

qw

ob
ot





k
i;j

Dt; ð59Þ

where Qs1
iþ1=2;j and Q

s2
i;jþ1=2 are the fluxes in the centre of

the boundaries between cells (i, j) � (i + 1, j) and (i, j) �
(i, j + 1) respectively. A semi implicit method is used to

evaluate the fluxes. The derivatives oh/os1, o
3h=os31, oh/

os2 are o3h=os32 are calculated with a Crank–Nicholson

scheme. All other terms are calculated explicitly. The

corresponding parts of the flux are discretised with a

Roe and Sweby scheme using a Superbee limiter to pre-

vent shocks from developing [42]. For further details, see

[16].

The ice growth rate is defined by Eqs. (33) and (39)

respectively. Typical finite difference schemes for these

equations are:

bkþ1
i;j ¼ bki;j þ

Dt
qi

ðb j W � n j qA � _msÞ; ð60Þ

bkþ1
i;j ¼ bki;j þ

kiDt
qiLf

T f � T s

bki;j
� kwDt

qiLf

Eg � F gT f

1þ F gh
k
i;j

: ð61Þ

In order to determine which model, rime or glaze, is

appropriate at a given point, the following method is ap-

plied, see Fig. 3.

(1) The water fluxes are calculated at the boundary of

each of the cells.

(2) The water and ice heights are calculated with the

wet surface Equations (59) and (61). This requires

that bki 6¼ 0. For this reason, a precursor ice film,

bprec, is specified.

(3) If the new calculated water height is greater than the

precursor film hprec, the glaze ice model is selected.

(4) If the new calculated water height is smaller than

the precursor film hprec, this means there is no water

on top of the ice. The calculated value for the water

height is replaced by the precursor film height and a

new ice height is calculated using Eq. (60). To con-

serve mass, a correction flux is applied at the rime/

glaze interface.

This algorithm ensures continuity and physically sen-

sible results for the water height as well as mass

conservation.

5.2. Flat surface

The algorithm is first tested on an inclined flat sur-

face. This example is run with shear stress acting along



Equations (59) and (61)

prec h=h prec

Initialize b and h

Calculate the new value for 
the collection efficiency

h
k+1 > prech

Next iteration

ρw

∆ t
ρA β |W n |Incoming mass 

h
k+1

prec=h

G
1/2 ∆ Q

s 1

∆ s 1

E
1/2 ∆ Q

s 2

∆ s 2

bk+1 bk ∆ t
ρ i ρ i

m
.

e
m
.

s
ρA ∆ t
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b
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the diagonal from bottom left to top right, A1 = A2 =

0.5Pa, gravity acts in the opposite direction (G1,G2) =

(4410,4410), the free stream velocity is W = 90ms�1.

The temperature is close to freezing, the ambient tem-

perature is chosen as Ta = 272K, droplets are at the

same temperature Td = 272K and the substrate is

slightly colder, Ts = 271K. These relatively high temper-

atures allow a significant water layer to develop and so

allows a study of its behaviour. These values combined

with the data in Table 2 lead to

Eg ¼ 4:20� 105 þ 2� 103b j W � n j; ð62Þ

F ¼ 1:54� 103 þ 7:4b j W � n j; ð63Þ
g
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Fig. 4. Ice layer for a fla
b j W � n j¼ 45 exp½�460ðs21 þ s22Þ�: ð64Þ

Results are computed for 70s with Dt = 5 · 10�3 s

and Ds1 = Ds2 = 0.0015m. The corresponding ice and

water shapes may be seen in Figs. 4 and 5.

The accretion shown in Fig. 4 shows typical features

of an accreting ice shape. A Gaussian region is in the

centre of the accretion, corresponding to the incoming

fluid. If all the impinging fluid were to freeze instantane-

ously when reaching the solid substrate, the ice accretion

would have a Gaussian profile with a maximum height

b � 3.5mm. The present shape culminates at

b � 1.45mm: the difference is due to significant water

flow, which is shown in Fig. 5. The ice layer extends

on both sides of the central accretion following the water
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Fig. 5. Water layer for a flat inclined surface.
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flow. The wide parabolic profile on the right of the layer

is due to shear driven flow. The thin hump on the left is

due to gravity. These two features are characteristic for

an ice growth coupled with water flow and will be re-

trieved in the other examples. Fig. 5 shows the corre-

sponding water film. The sharp peak on the left is

known as a capillary ridge and is typical of such flows.

In fact, in general, the flow to the right would normally

show a similar ridge but it is suppressed by the ice accre-

tion. Further details on accretion on a flat inclined plane

may be found in [16,19,41].

5.3. Two-dimensional cylinder

In this application, ice accretion is studied on the

external face of a cylinder of radius R = 5cm. The prob-

lem configuration is shown in Fig. 6. The cylinder is

placed in an ambient temperature Ta = 271K, subject

to freezing rain falling vertically. The temperature of

the rain droplets is Td = 271K. Their velocity when they

hit the cylinder is W = 5ms�1. This value may occur in

rain storms and will therefore be used in the following

[48]. The liquid water content qa = 0.001kgm�3 leads

to a rain intensity of 18mmh�1. Note this is relatively

high rate, but as such it leads to significant water flow
θ

Gravity

T  =271Ka

T  =272K

θ  =00 

Incoming rain

W=5m s -1

aρ =1 g m-3

dT  =271K

s

Fig. 6. Typical geometry parameters on a circular cylinder.
which is a much more rigorous test of the model than

if there is only slight water motion.

No air flow around the cylinder will be considered,

the droplets and the water layer are only subject to grav-

ity that acts vertically from top to bottom, in the direc-

tion h = �90�. The temperature around the cylinder and

the heat transfer coefficient may therefore be taken as

constant T = 271K, H = 50Wm�2K�1. Finally, the

temperature at the surface of the cylinder, Ts = 272K,

is chosen slightly higher than Ta to permit a model for

internal heating, see [49] and references therein. With

these values, the impinging mass rate on the clean sur-

face is

b j W � n j¼
�5 cos h p=2 6 h 6 3p=2;

0 otherwise

�
ð65Þ

and this is updated at each time step of the computation.

The energy terms are

Eg ¼ 4:15� 104 þ 2� 103b j W � n j; ð66Þ

F g ¼ 1:54� 103 þ 7:4b j W � n j : ð67Þ

Figs. 7 and 8 show the evolution of the ice layer for

an hour in the freezing rain conditions described above.

Results are computed for Dh = 0.5� and Dt = 0.002s. As

the surface temperature is below freezing, at the start of

the accretion, all impinging droplets first turn into ice

when they reach the surface and the ice layer follows

the shape of the collection efficiency so there is initially

no ice below y = 0. The water layer starts developing

from the top of the cylinder where h = 90�, shortly be-

fore t = 5min. Soon the water reaches the extent of the

initial iced region and flows into the sheltered area,

below y = 0, the ice shape then starts to extend around

the cylinder.

Fig. 7a shows the ice shape after 15min, already there

is ice well below y = 0. The ice evolves progressively

from the initial shape inherited from the collection effi-

ciency to a less smooth profile. The thickness does not

vary significantly on the upper part of the cylinder,
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90� < h < 270�. On the lower part, the thickness de-

creases smoothly as y decreases with the characteristic

parabolic profile. The water layer reaches the bottom

of the cylinder, h = 0� shortly before t = 60min as shown

in Fig. 8b. Subsequently, the ice layer grows quickly and

soon, the ice thickness is almost constant all around the

cylinder. However, the model reaches its limit here.

Shortly after this, the calculated results are not physi-

cally realistic. In reality, all the impinging water may

now flow quickly towards the bottom of the cylinder

to form droplets. The thin film flow may not be applied

any more. It should be replaced with a model where

droplets form and fall off, also, icicles would start grow-

ing [3].

Szilder et al. [51] publish numerical results for ice

accretion on a cable, however their ice shape depends

on a specified parameter S, which determines how far

water will flow, and the final rainfall amount. In the cur-

rent model, the ice shape depends on a water flow which

is determined by the underlying physics. Further, whilst

the final rainfall amount will determine the weight of ice,
it is really the rainfall distribution that plays a significant

role in determining the shape (for example, more rain

will hit the top of the cable where h = p/2, than the sides,

h = 0,p). The current method would certainly produce a

similar result to one of those shown in their work but

this would not validate either method.

5.4. Two-dimensional aerofoil

Ice accretion on an aerofoil is now briefly studied.

Results are calculated for a NACA0012 aerofoil at zero

angle of attack. The configuration for this case is shown

in Fig. 9. The wing is placed in a mild freezing environ-

ment, Ta = 270K. Supercooled droplets at the same tem-

perature, Td = 270K, are carried from left to right by the

air, which has a free stream velocity W = 50ms�1, and

hit the forward facing part of the wing. The liquid water

content is taken as qa = 0.001kgm�3. The wing temper-

ature is maintained at Ts = 269K. This value is different

from the ambient temperature to demonstrate the capa-

bility of including internal heating or cooling. The shape
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Fig. 9. Initial problem configuration for aerofoil icing.

Table 3

Interpolation points for the Bézier spline representation of a

NACA0012

xi yi

0 0.0 0.0

1 0.0 0.18556

2 0.03571 0.34863

3 0.10714 0.48919

4 0.21429 0.58214

5 0.35714 0.55724

6 0.53571 0.44992

7 0.75 0.30281

8 1.0 0.0105
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of the ice-clear aerofoil may be described using Bézier

splines of order 8 [46]. The upper part of the aerofoil

is defined by

xðaÞ ¼
X8

i¼0

Ci
8xia

ið1� aÞð8�iÞ; ð68Þ

yðaÞ ¼
X8

i¼0

Ci
8yia

ið1� aÞð8�iÞ; ð69Þ

where a 2 [0,1] and the points (xi,yi) are given in Table

3. The lower part may be obtained by symmetry.

The pressure p0 and shear stress, A1 are computed

using the CFD package Fluent. The collection efficiency,

b, is defined as the ratio between the surface a given

mass of water passes through in the free stream and

the surface it covers on the substrate [1]. This parameter

is evaluated from droplet trajectories, also computed in

Fluent. The heat transfer coefficient is evaluated using

the formula [1,47]:

H ¼ 0:296kairffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lair=qair

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V 2:87R s

0
V 1:87 dr

s
; ð70Þ
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Fig. 10. Ice layers on a NACA0012 a
where kair, lairqair are the conductivity, dynamic viscos-

ity and density of the air respectively and V is the veloc-

ity at edge of the boundary layer.

The ice layer for the first 15 min of the accretion may

be seen in Figs. 10 and 11. These results are computed

with Ds = 0.1mm and Dt = 5 · 10�4 s. The impinging

water impacts to the left of x � �0.105 although the

majority hits close to the leading edge. Since the sub-

strate temperature is below freezing, rime ice grows ini-

tially. Water appears shortly after t = 90s. The ice shape

at t = 3min is shown on Fig. 10a. Already the effect of

the water flow may be seen. The ice does not project

as far forward as it would in the rime case. The top

has been flattened out as the water spreads. The extent

of the spread may be inferred from the kink in the ice

shape at x � �0.145. As time continues the ice shape

grows and the water flows further around the aerofoil.

Fig. 10b shows the ice shape after 6min. The water

has now reached x � �0.133. The shapes after 9 and

15min are shown in Fig. 11. A noticeable feature of both

these diagrams is the dip that has formed at the leading

edge. This is due to a sharp drop observed in the heat

transfer coefficient at this location. This variation be-

comes more important with time.
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Fig. 11. Ice layers on a NACA0012 at t = 9min (a) and t = 15min (b).
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The water layer for times 3 and 15min is shown in

Fig. 12. Since the water layer is so thin it is drawn on

an unfolded aerofoil to clarify the shape. Negative and

positive values of the s coordinate correspond to the

lower and upper parts of the aerofoil respectively,

s = 0 denotes the leading edge position. The water exten-

sion is limited to s 2 [�1.1:1.05] cm at t = 3min with the

lower part slightly more extended due to gravity. The re-

gion covered with fluid increases steadily to reach

[�4.6:4.2] cm at t = 15min. The shape of the water layer

remains similar throughout the simulation. A high peak

forms around s = 0. At this location, the shear stress is

very small and the water level is too low for the fluid

to be moved significantly by gravity, although its effects

are maximum there. Fluid impacting in this region

moves away very slowly. Its speed increases as it moves

out to regions with a higher shear stress.

In Fig. 11, the shape of the ice layer is closely related

to the evolution of the water layer. When covered with

fluid, the ice loses the form of the collection efficiency

and takes a more rounded shape. At the top, the accre-

tion rate reduces progressively as the ice layer becomes
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Fig. 12. Water layer at t = 3min (a) and t = 15min (b).
thicker, allowing more water to be pushed away from

the leading edge. At t � 15 min, the extension of the

catch is reached and from this moment, ice is growing

on zones with no impinging water droplets. Further evo-

lution of the ice layer may easily be predicted: the shape

will remain very similar with the accretion rate slowing

down progressively at the leading edge and the layer

continuing to extend.

A significant feature of these results is that the run-

back film does not extend a long way past the impinge-

ment zone. Codes that do not employ a lubrication

model typically show an extended runback zone, in poor

agreement with experimental results. Makkonen et al. [9]

observe �relatively poor agreement� between their

TURBICE model and experiment during wet growth.

However, they also run LEWICE which has significantly

worse results, the predicted runback region extends be-

yond the edge of the figure, the experimental result is

confined near the leading edge. They also mention sim-

ilar problems occur with the THERMICE model of

Tranh et al. [52]. The current model is employed in a

commercial icing code, ICECREMO. In a discussion

of the validation of this code Dr. Bartlett of Rolls-Royce

summarised by saying ‘‘In general the model predictions

agree well with experimental data. The ice microstructure

studies indicated an initial zone of rime ice, with the fine

grains becoming coarse as water developed at the accre-

tion front. This behaviour is predicted by the model, with

the ice thickness at which the water is first predicted cor-

relating closely with the thickness of the fine grain zone. . .
With small ice accretions, relative to the size of the geom-

etry considered, there is excellent agreement between the

predicted and measured ice thickness. The extent of the

ice also gives reasonable comparison’’, see [22].
6. Conclusion

The work described in this paper provides a model

for ice accretion and water flow based on well estab-
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lished theories. As such, provided the model restrictions

(such as thin water layer) are not broken it should pro-

vide accurate results. Obviously there are limitations to

such a model. The input parameters can be very difficult

to obtain accurately and this subject forms a whole new

but complementary field of research. The initial rime ice

may form a very rough surface, which will have a signif-

icant effect on any water flow.

In practical terms it is a difficult task to incorporate a

complex numerical code to describe ice accretion and

water flow into already complicated icing codes. How-

ever, a testament to this type of model is that an earlier,

simpler version is currently employed in a commercial

aircraft icing code, ICECREMO.

It has been shown how the model may be applied to

standard substrate shapes and two examples relating to

inflight and atmospheric icing were detailed. However,

the model is quite general and can be applied to any sub-

strate shape. There is also much potential for improve-

ment. For example a more intimate coupling between

the air and water flow. Substrate heating could be incor-

porated to model anti-icing systems. This is currently

being investigated.
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